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Abstract

Numerical Method

A method combining extended linear forcing and proportionalintegral-differential (PID) control was proposed to provide
suitable inflow turbulence conditions in large-eddy simulations of
spatially developing boundary layer flows. A PID algorithm
controls the mean profiles of the flow and a passive scalar (such as
a potential temperature with a small variation), while the forcing
superimposes turbulence on the mean flow for fitting turbulence
characteristics to previously assumed conditions. The numerical
results showed that the characteristics of the flow and scalar
transport generated by the method were close to those previously
assumed. Moreover, it was suggested that the turbulence
characteristics inside a boundary layer vary with the energycontaining scale of the turbulence in the upper air.

The governing equations used in the simulation are the gridfiltered continuous, Navier–Stokes, and passive scalar transport
equations,

Introduction
The generation of inflow turbulence is of great importance in
large-eddy simulations (LESs) of spatially developing flows in
nature and industrial applications. Most existing methods of
creating a realistic inlet boundary condition for turbulent flows can
be broadly divided into two types: (a) the synthesized turbulence
methods based on turbulence statistics, such as the inverse Fourier
transform (e.g., [1-3]), and (b) the precursor simulation methods
based on the conservation equations of fluid dynamics (e.g., [4-7]).
The former type has the advantage of the ability to easily specify
turbulence parameters, such as turbulent energy levels and length
scales, while the latter type has the ability to more correctly
reproduce turbulence properties (see [8,9] for more details and
properties of these methods). Methods that simultaneously satisfy
the two requirements, however, have not been well established.
Focusing on the atmospheric surface layer as a spatially
developing flow, on the other hand, the effects of large-scale
eddies in the upper air on the coherent motion in the logarithmic
layer, which are universally found in wall-bounded turbulent flows
even with a high Reynolds number, have been discussed and
remain a topic of interest (e.g., [10,11]). The characteristics of the
turbulent boundary layer below a turbulent free stream, which
appears to be similar to the atmospheric surface layer, have also
been investigated from the viewpoint of industrial applications
such as blade wakes in turbomachinery (e.g., [12,13]).
This study aims to generate inflow turbulence for LESs of spatially
developing atmospheric surface layers. First, a method combining
extended linear forcing [14] and proportional-integral-differential
(PID) control is proposed. A PID algorithm controls the mean
profiles of the flow and a passive scalar (such as a potential
temperature with a small variation) in the method, while the
forcing superimposes turbulence on the mean flow to enable the
fitting of turbulence characteristics to previously assumed
conditions. Then, the characteristics of the flow and passive scalar
transport generated by this method are investigated to clarify the
feasibility of this method as an approach to inflow turbulence
generation.
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The source terms of 𝐹𝑇ij , 𝐹𝑀i , and 𝐹𝑀𝜃 are respectively for
turbulence generation by linear forcing, for the PID control of the
mean velocity, and for the PID control of the mean scalar:
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length scale of turbulence generated by using the original linear
forcing proposed by Lr drrl :[15] depends on the domain size
[16], while Equation (4) allows one to expand the range of the
length scale of the turbulence to be generated by using a timeaveraged velocity within a time scale [14] instead of a constant
velocity, which is assumed in the original linear forcing. 𝜏𝑖𝑗 and
𝑞𝑖 are treated by the Smagorinsky model (the Smagorinsky
constant and the SGS turbulent Schmidt number are set at 0.1 and
0.5, respectively). The governing equations are discretized by the
second-order central differencing method and the second-order
Adams-Moulton method.
On the assumption of the balance between the production and
dissipation of the turbulence kinetic energy and sufficiently small
SGS Reynolds stresses, the linear forcing coefficient 𝐴ij is
related to the flow properties as
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𝜀: dissipation rate. Moreover, assuming the generation of isotropic
turbulence, i.e., the diagonal elements of 𝐴ij have the same value

𝐴iso and the off-diagonal elements are zero, the following
equation is obtained:
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On the other hand, assuming the generation of anisotropic
turbulence (a simple shear turbulent flow neglecting the advection
effects of fluctuating velocities), i.e., only the element A12 has a
value Aaniso and the other elements are zero, the following
equation is obtained:
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Figure 1 shows the computational domain used. A turbulent shear
layer on a flat wall with mean flow in the x direction is assumed.
In the source terms 𝐹𝑀i , 𝐹𝑀𝜃 (Equations (5) and (6)), the
following empirical equation [17] and linear function are given for
the target velocity and target passive scalar (assuming a potential
temperature with a small variation), respectively:
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𝑢∞ , 𝜃∞ : mean velocity and mean scalar in upper flow, 𝑢𝜏 :
friction velocity, 𝜅: von Karman constant (=0.41), 𝐵 = 5.0, 𝛱 =
0.55, 𝐹＝0.0. The function min( ) gives the minimum value. 𝐹𝑀i
is set to zero when 𝑦⁄(𝜈/𝑢𝜏 ) < 30. Moreover, as an attempt to
mimic overlying large-scale eddies (detached eddies) on real
atmospheric surface layers [11], the source term 𝐹𝑇ij (Equation
(4)) is given only in the upper region of 0.6𝛿 ≤ 𝑦 ≤ 𝐿𝑦, in which
the velocity gradient is zero (Equation (10)). Namely, the terms
L
̅̅̅̅̅
including ∂〈𝑢
k 〉 ⁄∂xl in Equations (8) and (9) are zero. The freeslip and zero-scalar-flux conditions, no-slip and constant-scalar
conditions, and periodic condition are applied at the upper

Case
1
2
3
4

Domain
size Lx/δ,
Ly/δ, Lz/δ
4, 5, 4
4, 5, 4
4, 5, 4
4, 5, 4

Grid resolution dx/δ,
dymin/δ, dymax/δ, dz/δ

Number of
grid points
nx, ny, nz
58, 81, 51
58, 81, 51
58, 81, 51
58, 81, 51

0.05, 0.01, 0.1, 0.05
0.05, 0.01, 0.1, 0.05
0.05, 0.01, 0.1, 0.05
0.05, 0.01, 0.1, 0.05

boundary (y = Ly), lower boundary (y = 0), and side boundaries
( x = 0, Lx ; z = 0, Lz ), respectively. The calculations are
performed using the values nondimensionalized with 𝑢∞ , 𝜃∞ ,
and 𝛿 and the coordinate system moving with the velocity 𝑢∞ .
Table 1 shows the computational conditions. The time-averaging
〈𝑢j 〉T in Equation (4)
ol ryh:cf:“∞” corresponds to the case that ̅̅̅̅̅
is constant. The energy dissipation rate 𝜀, i.e., the energy input to
L
L
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the system, is set at a constant value. ̅̅̅̅̅̅̅̅̅̅̅
in Equations (8) and (9) are calculated by using the velocities at
each time step [14]. The open-source code FrontFlow/red
(Ver.3.1) is used for this numerical simulation.
Results and Discussion
Instantaneous Field
First, we outline the flow and scalar fields generated by this
method. Figure 2 shows the distributions of the instantaneous
velocity vector (𝑢⁄𝑢∞ − 1, 𝑣⁄𝑢∞ )and the instantaneous scalar
contour in an x-y plane (those in cases 3 and 4 are omitted). The
magnitude of the velocity is represented by the color of the vectors
(the length of the vectors does not have a physical meaning). The
vertical velocity gradient, which should be generated by the PID
control in both cases, can be found in the region 𝑦⁄𝛿 ≤ 1. On
the other hand, the flow in the region 1 ≤ 𝑦⁄𝛿 changes with the
forcing: the velocity is almost zero in case 1 without the forcing,
while the fluctuation appears clearly in case 2 with the forcing.
Vertical Structure
Next, the vertical structures of the generated flow and scalar are
quantitatively observed. Figure 3 shows the vertical distributions
of the mean velocity and mean scalar in cases 1 and 2 (those in
cases 3 and 4 are omitted, which have similar results). The vertical
axis is normalized by 𝛿, and the horizontal axis is normalized by
𝑢𝜏 and 𝜃∞ . The values in both cases are in good agreement with
the target distribution (target), indicating that the PID control
functions effectively.

Forcing
coefficient
𝐴ij
0
𝐴iso
𝐴iso
𝐴aniso

Timeaveraging
length T
∞
2
∞

Energy
dissipation ε
5.0×10-4
5.0×10-4
5.0×10-4

Kinetic
viscosity ν
1.0×10-4
1.0×10-4
1.0×10-4
1.0×10-4

Table 1. Computational conditions.
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Figure 1. Computational domain.
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(a) case 1
(b) case 2
Figure 2 Instantaneous velocity vectors of (𝑢⁄𝑢∞ − 1, 𝑣⁄𝑢∞ ) in a x-y plane.

Figures 4 and 5 respectively show the vertical distributions of the
rms velocity and rms scalar. Regarding the rms velocity, there are
clear variations between the cases in the upper flow (1 ≤ 𝑦⁄𝛿 ):
the rms velocity increases with forcing (cases 1 and 2), the rms
velocity decreases with decreasing averaging time 𝑇 (cases 2 and
3), and the u component of the rms velocity relatively increases
with anisotropic forcing (cases 2 and 4). Moreover, as mentioned
in Hancock and Bradshaw [12], the turbulence in the upper flow
affects the inside of the boundary layer (𝑦⁄𝛿 ≤ 1), causing the rms
velocity to increase (in cases 2 and 4) or decrease (in case 3). The
rms scalar inside the boundary layer is also influenced by the
disturbance in the upper flow and shows a similar increase or
decrease to the rms velocity. However, the rms scalar is small in
the upper flow since the gradient of the mean scalar, i.e., the
generation of the rms scalar is zero there.
Figure 6 shows the vertical distribution of the Reynolds stress (the
turbulent scalar flux is omitted, which has a similar trend to the
rms scalar). It is found that the difference in the Reynolds stress
between cases 1-3 is small. Note that the experiment of Hancock
and Bradshaw [12] shows that the Reynolds stress inside the
boundary layer decreases owing to the turbulence in the upper flow

and does not correspond to the trend observed in this figure. The
variation in the profile of the mean velocity in the experiment, such
as the decrease in the wake region in the boundary layer, might
have caused this inconsistency. It is also noted that the Reynolds
stress in the upper flow has a significant value only in case 4 with
anisotropic forcing.
Turbulence Scale
Finally, to observe the variation in the turbulence scale between
the cases, the ratio of the turbulence scale 𝑙 (= (2/3𝑘)3⁄2 ⁄𝜀 ,
𝑘 = (𝑢𝑟𝑚𝑠 2 + 𝑣𝑟𝑚𝑠 2 + 𝑤𝑟𝑚𝑠 2 )⁄2 ), which corresponds to the
energy-containing turbulence scale, to the layer height δ is shown
in Figure 7. In the upper flow, the scale 𝑙 in cases 2-4 with forcing
has significant values. Here, note that the scale 𝑙 in the upper flow
in cases 2 and 4 with the longer averaging time is larger than that
inside the boundary layer. At this time, the scale 𝑙 inside the
boundary layer, in which forcing is not performed, is increased
compared with that in case 1, as well as the rms velocity and rms
scalar (Conversely, in case 3, the scale 𝑙 inside the boundary layer
is decreased owing to the small-scale disturbance added in the
upper flow). This suggests that the characteristics of turbulence

(a) mean velocity
(b) mean scalar
Figure 3. Vertical distribution of mean velocity and mean scalar (comparison between cases 1 and 2).

(a) case 2

(b) case 3
Figure 4. Vertical distribution of rms velocity (comparison with case 1)

(c) case 4
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(b) case 3
Figure 5. Vertical distribution of rms scalar (comparison with case 1)
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Figure 6. Vertical distribution of Reynolds stress (comparison with case 1).
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Figure 7. Vertical distribution of turbulence scale 𝑙 (comparison with case 1).

inside a turbulent boundary layer vary with the energy-containing
turbulence scale in the upper flow.
Conclusions
Four typical numerical results obtained with different forcing
parameters showed that the characteristics of the flow and passive
scalar transport generated by the proposed method are close to
those previously assumed. Moreover, it was suggested that the
turbulence characteristics inside a boundary layer vary with the
energy-containing turbulence scale in the upper flow. Although it
was also confirmed that the results in this paper are similar to the
features of the atmospheric surface layer, which have been
revealed by experiments and observations, a detailed comparison
and clarification of the phenomena will be reported in the future.
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