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Abstract
This study develops a scalable GWR (ScaGWR) for large samples. Unlike existing GWR
algorithms, the ScaGWR achieves a linear time estimation through pre-compression of
large matrices and vectors before the leave-one-out cross validation (LOOCV), which is
the heaviest part in the standard GWR. Our proposed algorithm enables us to estimate a
regularized GWR from one million samples even without parallelization. The R code is
available in the R package scgwr. Besides, for faster computation, the code is embedded
into C++ code and implemented in the GWmodel package.
Keywords: geographically weighted regression, large spatial data, fast computation,
scalability, pre-processing.

1. Introduction
Geographically weighted regression (GWR; Brunsdon et al., 1996) and other spatial modeling
approaches for big data is increasingly important. Although computationally efficient GWR algorithms
have been developed (e.g., Li et al., 2019), the computational complexity of existing GWR algorithms
is 𝑂(𝑁 2 𝑙𝑜𝑔𝑁) at best, meaning that the computational burden grows in a quasi-quadratic manner
with sample size N. Unfortunately, modelling in 𝑂(𝑁 2 𝑙𝑜𝑔𝑁) time is not fast enough as linear-time
modelling (i.e., 𝑂(𝑁)) is considered as needed in the era of big data in relevant fields (see, Liu et al.,
2018). Against this backdrop, we develop a scalable GWR (ScaGWR), a linear-time GWR for large
spatial dataset.

2. Geographically weighted regression (GWR)
The basic GWR describes the explained variable 𝑦𝑖 at 𝑖-th sample site using the following model:
𝐾

𝑦𝑖 = ∑ 𝑥𝑖,𝑘 𝛽𝑖,𝑘 + 𝜀𝑖

𝜀𝑖 ~𝑁(0, 𝜎 2 ),

Equation 1

𝑘=1

where 𝑥𝑖,𝑘 is the 𝑘-th covariate, and 𝛽𝑖,𝑘 is the regression coefficient for the 𝑘-th covariate at 𝑖-th site.
The estimator for the coefficients vector 𝛃𝑖 = [𝛽𝑖,0 , 𝛽𝑖,1 ⋯ 𝛽𝑖,𝐾 ]′ is given by
̂𝑖 = [𝐗′𝐆𝑖 (𝑏)𝐗]−1 𝐗 ′ 𝐆𝑖 (𝑏)𝐲,
𝛃

1

Equation 2

where y is a vector of the explained variables and X is a matrix of covariates. 𝐆𝑖 (𝑏) is a diagonal matrix
whose 𝑗-th element is the geographical weight 𝑔𝑖,𝑗 (𝑏) for the 𝑗-th sample, and can be specified via a
distance-decaying function. We use the exponential kernel later.
The bandwidth b determining the scale of the spatially varying coefficients can be optimized by a
leave-one-out cross-validation (LOOCV) minimizing the cross-validation (CV) error (Eq.3).
𝑁
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𝐾

CV score = ∑ (𝑦𝑖 − ∑ 𝑥𝑖,𝑘 𝛽̂−𝑖,𝑘 )
𝑖=1

Equation 3

𝑘=1

𝛽̂−𝑖,𝑘 represents the coefficient at the 𝑖-th sample site that is estimated using all the other samples.
This estimator yields
̂−𝑖 = [𝐗′𝐆−𝑖 (𝑏)𝐗]−1 𝐗 ′ 𝐆−𝑖 (𝑏)𝐲,
Equation 4
𝛃
̂−𝑖 = [𝛽̂−𝑖,0 , 𝛽̂−𝑖,1 ⋯ 𝛽̂−𝑖,𝐾 ]′. and 𝐆−𝑖 (𝑏) equals 𝐆𝑖 (𝑏) with its 𝑖 -th diagonal being replaced
where 𝛃
with zero (zero weight is assigned on the 𝑖-th site).
̂−𝑖 includes large matrices 𝐗, 𝐲, 𝐆−𝑖 (𝑏) , whose size depend on 𝑁 , that must be
Unfortunately, 𝛃
repeatedly evaluated for all 𝑖 ∈ {1, ⋯ , 𝑁} during the LOOCV. This is the main reason for why GWR is
slow for large 𝑁. Our objective is to overcome this limitation by eliminating the repeated evaluation
of these large matrices.

3. Scalable geographically weighted regression (ScaGWR)
3.1. Model
GWR is accelerated if we let the large matrices out of the LOOCV iteration. However, it is not possible
because b is not separable from 𝐗′𝐆−𝑖 (𝑏)𝐗 and 𝐗 ′ 𝐆−𝑖 (𝑏)𝐲 if the non-linear kernel is used as usual.
We overcome this bottleneck using a linear multiscale kernel that allows us to linearly separate the
internal parameters from the kernel function and pre-process the large matrices and vectors before
the LOOCV.
Specifically, we use the following linear polynomial kernel:
𝑃
0 ̃
𝑔̃𝑖,𝑗
(𝑏)

= ∑ 𝑏̃ 𝑝 𝑔𝑖,𝑗 (𝑏0 )

2𝑃/2
2𝑝 ,

Equation 5

𝑝=1

where 𝑔𝑖,𝑗 (𝑏0 ) is a base kernel with known bandwidth 𝑏0 . Later, 𝑔𝑖,𝑗 (𝑏0 ) is defined by the exponential
kernel exp(−𝑑𝑖,𝑗 /𝑏0 ) where 𝑑𝑖,𝑗 is the distance between sites 𝑖 and 𝑗. Instead of the known 𝑏0 , we
𝑝
estimate 𝑏̃ . For instance, when 𝑃 = 3, Eq. (5) becomes ∑3𝑝=1 𝑏̃ 𝑝 𝑔𝑖,𝑗 (𝑏0 )4⁄2 with known kernels
{𝑔𝑖,𝑗 (𝑏0 )2 , 𝑔𝑖,𝑗 (𝑏0 ), 𝑔𝑖,𝑗 (𝑏0 )1⁄2 } and their coefficients {𝑏̃1 , 𝑏̃ 2 , 𝑏̃ 3 }. Because 𝑔𝑖,𝑗 (𝑏0 ) is a decreasing
function, 𝑔𝑖,𝑗 (𝑏0 )2 describes a faster decay while 𝑔𝑖,𝑗 (𝑏0 )1⁄2 describes a slowest decay. By weighing
these three kernels using the coefficients {𝑏̃1 , 𝑏̃ 2 , 𝑏̃ 3 }, we can estimate the decay pattern behind
samples. Figure 1 shows that the 𝑏̃ parameter substitutes the usual bandwidth parameter.
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Figure 1. Examples of the exponential kernel (left) and the linear polynomial kernel with exponential
base kernel and 𝑏0 = 20 (right)
0 ̃
Unfortunately, evaluation of 𝑔̃𝑖,𝑗
(𝑏) for all the sample pairs requires the computational complexity of

O(N2) that is heavy for large samples. To lighten the cost, we use a linear multiscale kernel Eq.(6) that
applies the local weight Eq.(5) to the Q-nearest neighbours and a global weight to all the samples:
𝑃
𝑝
(𝑄)
𝑔̃𝑖,𝑗 (𝑏̃, 𝛼) = 𝛼 + ∑ 𝑏̃ 𝑝 𝑔𝑖,𝑗 (𝑏0 )4⁄2 ,

Equation 6

𝑝=1
(𝑄)
(𝑄)
where 𝑔𝑖,𝑗 (𝑏0 ) = 𝑔𝑖,𝑗 (𝑏0 ) for the Q-nearest neighbours while 𝑔𝑖,𝑗 (𝑏0 ) = 0 for the other samples. 𝑏̃

and 𝛼 are unknown parameters determining local and global weights, respectively.
3.2. LOOCV
̂−𝑖 yields
Given Eq.(6), the leave-one-out coefficient estimator 𝛃
̂ = [𝐗′𝐆
̃ −𝑖 (𝑏̃, 𝛼)𝐗]−1 𝐗′𝐆
̃ −𝑖 (𝑏̃, 𝛼)𝐲,
𝛃
−𝑖

Equation 7

̃−𝑖 (𝑏̃, 𝛼) is a diagonal matrix whose 𝑗-th entry equals 𝑔̃𝑖,𝑗 (𝑏̃, 𝛼) if 𝑗 ≠ 𝑖, and 0 if 𝑗 = 𝑖.
where 𝐆
̃−𝑖 (𝑏̃, 𝛼)𝐗 matrix is
Owing to the linearity of our kernel, the (𝑘, 𝑘′)-th element of the 𝐗′𝐆
̃ 𝑖,𝑗 (𝑏̃, 𝛼)𝑥𝑗,𝑘 𝑥𝑗,𝑘′ ; it is further expanded using Eq.(6) as follows:
analytically obtained as ∑𝑗≠𝑖 𝑔
𝑃

𝑃

𝑝
𝑝 (𝑄)
𝑝 (𝑝)
(0)
∑ ∑ (𝛼 + 𝑏̃ 𝑔𝑖,𝑗 (𝑏0 )4⁄2 ) 𝑥𝑗,𝑘 𝑥𝑗,𝑘′ = 𝛼𝑚−𝑖,𝑘,𝑘′ + ∑ 𝑏̃ 𝑚−𝑖,𝑘,𝑘′

𝑗≠𝑖 𝑝=1
(0)
𝑚−𝑖,𝑘,𝑘′ = ∑𝑗≠𝑖 𝑥𝑗,𝑘 𝑥𝑗,𝑘′

Equation 8

𝑝=1

(𝑝)
(𝑄)
where
and 𝑚−𝑖,𝑘,𝑘′ = ∑𝑗≠𝑖 𝑔𝑖,𝑗 (𝑏0 )4⁄2 𝑥𝑗,𝑘 𝑥𝑗,𝑘′ . Likewise, the 𝑘-th element
̃−𝑖 (𝑏̃, 𝛼)𝐲 has the following expression:
of 𝐗′𝐆
𝑝

𝑃
𝑝 (𝑝)
(0)
̃ 𝑖,𝑗 (𝑏̃, 𝛼)𝑥𝑗,𝑘 𝑥𝑗,𝑘′ = 𝛼𝑚−𝑖,𝑘,𝐲 + ∑ 𝑏̃ 𝑚−𝑖,𝑘,𝐲
∑𝑔
𝑗≠𝑖

Equation 9

𝑝=1

𝑝
(0)
(𝑝)
̂ is expanded
where 𝑚−𝑖,𝑘,𝐲 = ∑𝑗≠𝑖 𝑥𝑗,𝑘 𝑦𝑗 and 𝑚−𝑖,𝑘,𝐲 = ∑𝑗≠𝑖 𝑔𝑖,𝑗 (𝑏0 )4⁄2 𝑥𝑗,𝑘 𝑦𝑗 . The estimator 𝛃
−𝑖

using Eqs.(8) and (9) as follows:
𝑃

̂−𝑖 = [𝛼𝐌 (0) + ∑ 𝑏̃ 𝑝 𝐌 (𝑝) ]
𝛃
−𝑖
−𝑖

−1

𝑃
(0)
[𝛼𝐦−𝑖

𝑝=1

(𝑝)
+ ∑ 𝑏̃ 𝑝 𝐦−𝑖 ].
𝑝=1
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Equation 10

(0)

(𝑝)

(0)

(𝑝)

where 𝐌−𝑖 and 𝐌−𝑖 are 𝐾 × 𝐾 matrices whose (𝑘, 𝑘′) -th elements are 𝑚−𝑖,𝑘,𝑘′ and 𝑚−𝑖,𝑘,𝑘′ ,
(0)

(𝑝)

(0)

(𝑝)

respectively. 𝐦−𝑖 and 𝐦−𝑖 are 𝐾 × 1 vectors whose 𝑘-th elements are 𝑚−𝑖,𝑘,𝐲 and 𝑚𝑖,𝑘,𝐲 .
(0)

(𝑝)

(0)

(𝑝)

Importantly, 𝐌−𝑖 , 𝐌−𝑖 , 𝐦−𝑖 , 𝐦−𝑖 do not include any parameter. Using this property, (i) our
ScaGWR evaluates these matrices a priori, and (ii) performs the LOOCV minimizing the CV error (Eq.3)
̂−𝑖 in step (ii) is only 𝑂(𝐾 3 ). Thus, the
after that. The resulting computational complexity to evaluate 𝛃
complexity for our CV score evaluation is 𝑂(𝑁𝐾 3 ). If the golden section search (expected number of
iterations: 𝑂(log𝑁) is employed, the complexity for our LOOCV loop is 𝑂(𝑁𝐾 3 log𝑁). Thus, our
developed ScaGWR achieves a quasi-linear computational time with respect to 𝑁.
3.3. Comparison with the basic GWR
Unlike the usual GWR, the ScaGWR estimator Eq.(10) is interpretable as an empirical Bayes estimator
𝑝

(𝑝) −1

that shrinks the local estimator [∑𝑃𝑝=1 𝑏̃ 𝐌−𝑖 ]

𝑝

∑𝑃𝑝=1 𝑏̃ 𝐦(𝑝)
−𝑖 , which equals the standard GWR

(0)
0 ̃
estimator with the kernel 𝑔̃𝑖,𝑗
(𝑏), towards the OLS estimator [𝛼𝐌−𝑖 ]

−1

(0)

(0) −1

𝛼𝐦−𝑖 = [𝐌−𝑖 ]

(0)

𝐦−𝑖 =

(𝐗′𝐗)−1 𝐗′𝐲. Thus, the ScaGWR estimator is more stable than the basic GWR. Another difference is that
while GWR estimates one parameter 𝑏 in the LOOCV, the ScaGWR estimates two parameters {𝑏̃, 𝛼}.

For these reasons, ScaGWR can be more accurate than GWR. Still, ScaGWR with CP cost of 𝑂(𝑁log𝑁)
is much faster than GWR with the cost of 𝑂(𝑁 2 log𝑁) (𝐾 is assumed fixed here).

4. Monte Carlo simulation
GWR and ScaGWR were compared by fitting them on the synthetic data randomly generated from
𝑦𝑖 = 𝛽𝑖,0 + 𝑥𝑖,1 𝛽𝑖,1 + 𝑥𝑖,2 𝛽𝑖,2 + 𝜀𝑖 , 𝜀𝑖 ~𝑁(0,1),
Equation 11
where the explanatory variables are generated from 𝑁(0,1), and the coefficients are generated from
spatial moving average processes 𝛽𝑖,𝑘 = ∑𝑗=1 𝑔𝑖,𝑗 𝑢𝑗 , 𝑢𝑗 ~𝑁(0,1) assuming the exponential kernel for
𝑔𝑖,𝑗 = exp(−𝑑𝑖,𝑗 ). The spatial coordinates were randomly determined using two standard normal
distributions. For ScaGWR, P = 4 and Q = 100 is assumed (see Murakami et al., 2019). The ScaGWR
estimation
was
iterated
200
times
for
each
𝑁∈
{500, 1000, 1500, 2000, 3000, 5000, 8000, 12000, 20000, 40000, 80000}. GWR is applied for cases
with 𝑁 ≤ 12000.
We used a Mac Pro (3.5 GHz, 12-Core Intel Xeon E5 processor with 64 GB memory) for the
computation, R (version 3.6.2) for model estimation, and the R package GWmodel (version 2.1-3) for
GWR and ScaGWR calibrations. Both the calibrations are implemented using C++.
̂1 . If 𝑁 is small, GWR
Figures 4 (left) summarizes the evaluated root mean squared errors (RMSEs) for 𝛃
estimators are more accurate than ScaGWR. However, if 𝑁 exceeds 2000, ScaGWR estimators indicate
better accuracy owing to the stability. Figure 4 (right) compares computational (CP) time. While the
CP time of the standard GWR rapidly grows as 𝑁 increase, the CP time of our approach increase only
linearly. When 𝑁 = 80,000, our ScaGWR takes only 120 seconds. Even if 𝑁 = 1,000,000, the ScaGWR
took only 1,637 seconds on average in five trials without parallelization.
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̂0 and 𝛃
̂2 are not shown because they are very similar to 𝛃
̂1 .
Figure 4. RMSE and CP time. RMSEs for 𝛃

5. Concluding remarks
We developed ScaGWR of large samples. See Murakami et al. (2019) for further details. ScaGWR is
implemented in the R packages GWmodel and scgwr.
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